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The motion of solid particles in a fluid flow is represented as a ran- 
dom process with independent increments. The resulting kinetic equa- 
tion for the particle distribution has the form previously proposed [t]. 
The solution to this equation provides a system of equations for the 
hydrodynamics of the assembly of solid particles. These equations 
differ from ones previously proposed [2, 3] in having additional terms 
related to relative motion of the components, whose presence is due 
to anisotropy in the distribution of the normal stresses in the pseudogas. 

w D e r i v a t i o n  of the  k i n e t i c  e q u a t i o n .  C o n s i d e r  t he  
m o t i o n  of  a l a r g e  s e t  of p a r t i c l e s  in  a f low of f lu id .  The  
s p e e d  of a p a r t i c u l a r  p a r t i c l e  i s  i n f l u e n c e d  by f o r c e s  
of t h r e e  t y p e s :  e x t e r n a l  m a s s  f o r c e s ,  i n t e r a c t i o n  b e -  
t w e e n  the  p a r t i c l e  and the  f low,  and c o l l i s i o n s .  

E a c h  p a r t i c l e  p e r t u r b s  the  c a r r i e r  and thus  a f f e c t s  
the  i n t e r a c t i o n s  of t he  o t h e r  p a r t i c l e s ,  so the  m o t i o n  
of  one  p a r t i c l e  w i l l ,  in  g e n e r a l ,  be  d e p e n d e n t  on  the  
m o t i o n  of a l l .  

The  n u m e r o u s  r a n d o m  f a c t o r s  w i l l  r e s u l t  in a r e I a -  

t i v e l y  s m o o t h  and s l o w  v a r i a t i o n  in  t he  s p e e d  of  the  
f low.  D i r e c t  c o l l i s i o n s  b e t w e e n  p a r t i c l e s  w i l l  a l s o  a f -  

f e c t  the  v e l o c i t i e s ,  but  such  i n t e r a c t i o n s  a r e  e s s e n -  

t i a l l y  s h o r t - r a n g e  ones ,  w h e r e a s  the  o t h e r s  a r e  
not. 

If the fluid is of low viscosity, particle collisions 
may be considered as statistically independent. 

Let lu, x} be the radius vector of the point repre- 
senting the state of a system of N particles in phase 

space: 

{u,  x}  = {u(1), u(~) . . . .  , u(N); x(~), x(~) . . . . .  x (~') } . 

H e r e  u (i) i s  the  v e l o c i t y  v e c t o r  of p a r t i c l e  i ,  w h o s e  
(i)  �9 c e n t e r  of m a s s  has  r a d i u s  v e c t o r  x r e l a t i v e t o  a f i x e d  

C a r t e s i a n  c o o r d i n a t e  s y s t e m .  
The  f o l l o w i n g  a s s u m p t i o n s  a r e  m a d e :  
1. The  v e l o c i t y  v e c t o r  u(t) of the  po in t  in p h a s e  

s p a c e  m a y  be  c o n s i d e r e d  as  a r a n d o m  v a r i a b l e  wi th  

i n d e p e n d e n t  i n c r e m e n t s .  
2. P a r t i c l e  c o l l i s i o n s  m a y  be  r e p r e s e n t e d  as  c o l l i -  

s i ons  of e l a s t i c  s p h e r e s .  
3. We can  n e g l e c t  s i m u l t a n e o u s  c o l l i s i o n s  of t h r e e  

o r  m o r e  p a r t i c l e s .  
The  l a s t  a s s u m p t i o n  is  l a r g e l y  a c o n s e q u e n c e  of 

the  p r e v i o u s  one  and c a n  be  t a k e n  as  a p p l y i n g  to any 
s h o r t - r a n g e  i n t e r a c t i o n  and any  n u m b e r  of p a r t i c l e s ,  

e v e n  w h e n  c l o s e  p a c k i n g  i s  a p p r o a c h e d  [4]. 
A r a n d o m  p r o c e s s  wi th  i n d e p e n d e n t  i n c r e m e n t s  

c a n  be  r e p r e s e n t e d  as  the  s u m  of two r a n d o m  p r o c e s s e s :  
a con t i nuous  d i f f u s i o n  and a r a n d o m  p r o c e s s  c o m p o s e d  
of  s t eps  in  the  i n i t i a l  p r o c e s s .  To d e t e r m i n e  the  c o n d i -  
t i ona l  p r o b a b i l i t y  d e n s i t y  ~(t ,  x,  u) f o r  t r a n s i t i o n  f r o m  

one  s t a t e  to a n o t h e r  we  h a v e  [5] 

IV 3 3 
�9 ( 0  0",F 7 

i=I a = l  /~=1 

-{- ~ I [LF(t' x '  A ~ j ( 1 ) u ) - - W ( t , x , u ) l ~ f l l ,  
i~i<~M< N (1) 

A~ i (1) u = {u a) . . . . .  u( i -~) ,  u (i) + 

3 

+ l (u (2 ) -  u(2)), , ( , + 1 ) , . . .  

3 

..., u(5- ,  u(J)--I Y, l~(uf)--u~)) ,  

u ( # + l ) , . . . ,  u(N) } ,  ( 1 . 1 )  

in  wh ich  Aij(1) i s  the  o p e r a t o r  fo r  t r a n s i t i o n  b e t w e e n  

s t a t e s  w h e n  p a r t i c l e  i c o l l i d e s  wi th  p a r t i c l e  j ,  1 i s  t he  
uni t  v e c t o r  s p e c i f y i n g  the  d i r e c t i o n  of t he  l i n e  b e t w e e n  

the  c e n t e r s  of  t h o s e  p a r t i c l e s ,  and goij(x, u)  i s  t h e p r o b -  
a b i l i t y  d e n s i t y  f o r  c o l l i s i o n  of  t h e s e  p a r t i c l e s  ( p r o b a -  

b i l i t y  of  ~oijdldt of  c o l l i s i o n  in uni t  t i m e ) .  
The  q u a n t i t i e s  ac~ (i) and Ba i l  (i) c h a r a c t e r i z e  the  

c o n t i n u o u s  c o m p o n e n t  of the  p r o c e s s  wi th  i n d e p e n d e n t  

increments. 
The following distribution functions are introduced: 

] (u(1), x(1), t) ---- 

= V__ff=__~lW(t,x , 1  u) du(2) . . . du(~r)dx (~) �9 �9 . dx (N) , 

g (t;  u(i) ,  x(1); u (s), x (2)) ~- 

t ~ du(N)dx(~) dx(~). (1.2) = ~ 1 T (t, x, u) du(~) . . . . . .  

The  i n t e g r a t i o n s  in  (1.2) a r e  c a r r i e d  o v e r  a l l  p e r -  

m i s s i b l e  v a l u e s  of t he  v a r i a b l e s .  The  p r o c e d u r e  of 

(1.2) i s  a p p l i e d  to {1.1) to g i v e  

3 3 3 
o! + ~ u(2 ol o 0/ 

- -  i f  g (t; x (i), u(1); x (1) -}-16; u (~)) Kdldu (~) , (i .3) 

in which K is the collision cross section, while the 
quantities u,(i), u,(2), u i, and u 2 are related via the 

operator Ai2 (1) : 

N 3 
0~F u(a0 0~F 
77 = - ? ,  + 

3 

U ,  (1) = U(1) -~ - 1 ~ l~ (u~(~> ~ u~m), 
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3 

u .  (2) = I1(2) - -  1 ~ l~ (u~(2) - -  u J1)) �9 (1 .4)  

We now apply  the  h y p o t h e s i s  of m o l e c u l a r  c h a o s :  

g (t; x(~), u(~); x(~), u(2)) = / (xa ) ,  u(~), t ) f  (x(~), u(~), t). (1 .5)  

T h i s  a p p l i e s  f o r  d e n s e  s u s p e n s i o n s  w i t h i n  t h i s  c o l -  
l i s i o n  m o d e l  [4]. 

T h e n  (1.3) and (1.5) g ive  an  e q u a t i o n  f o r  f :  

3 8 8 

+ : I I tz'/'/:- w,] k d., , (1.6) 

in  w h i c h  q i s  the  m e a n  v e l o c i t y  of the  f lu id  n e a r  a 
p a r t i c l e  w h e n  the  m e a n  p o r o s i t y  of t he  s u s p e n s i o n  in  
tha t  r e g i o n  i s  e .  

We f u r t h e r  a s s u m e  tha t  Iwl and Ivl a r e  s m a l l  r e l a -  
t i v e  to Iq - w l , a n d  put  F a s  

L =  ~ ( 8 , [ q - - w l )  ( q - - w )  q- 
?/$ 

+ •(e ,  lq - - w l  )(ca - - v )  + 

+ 0o (~, I q - - w l  ) As (q - - w ) ,  (2 .5)  
o~ 

neglect ing t e r m s  of o r d e r  Iw - vl z, (Ae) z, e t c . ,  where  
Ae is  the f luctuat ion in the po ros i t y  around a pa r t i c l e .  

w h e r e  the  s y m b o l s  in  t h e  s e c o n d  t e r m  on  the  r i g h t -  
hand s ide  a r e  s t a n d a r d  o n e s  in  the  k i n e t i c  t h e o r y  of 
g a s e s .  

E q u a t i o n  (1.6) c o i n c i d e s  wi th  t he  e q u a t i o n  p r e v i o u s l y  
p r o p o s e d  [1]. 

~2. C h a r a c t e r i z a t i o n  of  t he  c o n t i n u o u s  c o m p o n e n t .  
The  e q u a t i o n  of  m o t i o n  of  a p a r t i c l e  m a y  be  put  as  

du t 
d"7 = m (G + F + K) ,  (2.1) 

i n w h i c h  G is  t he  e x t e r n a l  m a s s  f o r c e  (e. g . ,  g r a v i t y ) ,  

F i s  the  f o r c e  f r o m  the  i n t e r a c t i o n  of  t he  p a r t i c l e s  
wi th  t he  f lu id ,  and K is  t he  f o r c e  b e t w e e n  c o l l i d i n g  
p a r t i c l e s ,  in  wh ich  K(t) m a y  be  r e p r e s e n t e d  a s  a s u m  
of 5 - f u n c t i o n s .  

The  c h a r a c t e r i s t i c  t i m e  of  f r e e  m o t i o n  b e t w e e n  two 
c o l l i s i o n s  i s  m u c h  l e s s  t h a n  the  c h a r a c t e r i s t i c  t i m e  
f o r  F( t ) ,  so the  c h a r a c t e r i s t i c s  of the  d i f f u s i o n  o p e r a -  
t o r  in  (1.6) m a y  be  d e t e r m i n e d  f r o m  a s i m p l i f i e d  f o r m  
of (2.1): 

d u / d t  = m -x (G + F). (2.2) 

In wha t  f o l l o w s  we  c o n s i d e r  on ly  the  c a s e  in  wh ich  
the  p a r t i c l e s  a r e  m u c h  m o r e  d e n s e  t h a n t h e  f lu id .  T h e n  
f o r  t he  f o r c e  e x e r t e d  on a p a r t i c l e  by the f lu id  we  h a v e  

F / m  ----- O(e ,  Is - - u  I )(s  - - u ) ,  (2.3) 

in wh ich  s i s  t h e  v e l o c i t y  of the  f lu id ,  u i s  the  v e l o c i t y  
of the  p a r t i c l e ,  and e i s  the  m e a n  r e l a t i v e  v o l u m e  of 
the  f lu id  in  a s u f f i c i e n t l y  l a r g e  s p a c e  a r o u n d  a p a r t i c l e ,  
wh ich  is  r e l a t e d  to t he  n u m b e r  of  p a r t i c l e s  in  tha t  v o l -  

u m e  by  e = 1 - n v 0 ,  in  wh ich  v0 i s  the  v o l u m e  of a p a r -  
t i c l e .  

Estimates [6] show that only fairly large inhomogeneities play a 
major part in energy transfer from gas to particles. 

A semiempirical analysis [7] indicates that we must allow 
for the dependence of F on 8 ; this agrees well with experiment. 

We r e p r e s e n t  s and u as  

u = ~ + v ,  w - -  u/du, v / d u = 0 ,  

t 

l i m + l o ( ~ ) d ~  = O, 
t ~  

0 

(2.4) 

Expression (2.4) can be put as 

m-%Fct = - -  an* -I- A t (a = 1, 2, 3) , 

an*=--0(8, lq--w] ) (q~t--wa) -~0(% lq--wl)~., 

ICl--Wl).. A t = r  l q - - w l ) o ~ t q  -Oo(8'~-~ a a ( q ~ - - w ~ ) .  (2.6) 

The time-average of A a is zero, so we have 

dv G dw 
d--{ ~ m dt - -  a* ~- A . (2.7) 

For the steady state 

G / m +  r  I q - - w l ) ( q - - w ) =  d w / d t  (2.8) 

and we have the following stochastic equation for v: 

dv 
-~'= O(a, I q - - w l ) ( o - - v )  + 

, O0(s, lq--wl)Ae(q__w). (2.9) ~- aS 

The q u a n t i t i e s  w and Ae a r e  not  i n d e p e n d e n t .  M o r e -  
o v e r ,  Ae i s  d i r e c t l y  r e l a t e d  to f l u c t u a t i o n s  in  the  n u m -  
b e r  of p a r t i c l e s  in  a g i v e n  v o l u m e ,  so the  m o d e  of f l u c -  
t ua t i on  of As is  d e t e r m i n e d  by the  s t a t i s t i c a l  p r o p e r t i e s  

of the  p a r t i c l e  s y s t e m ;  Aa i s  a f u n c t i o n a l  of f ,  and so 
a* and Bai l  a r e  f u n c t i o n a l s  of f ,  and (1.6) r e s e m b l e s  the  
k ine t i c  e q u a t i o n s  of  s e l f - c o n s i s t e n t  f i e l d s  [8]. R e l a t i o n  
(2.9) s h o w s  tha t  the  s t a t i s t i c a l  c h a r a c t e r i s t i c s  of v(t) 
m a y  h a v e  p r o n o u n c e d  a n i s o t r o p y  in  the  g e n e r a l  c a s e .  
F o r  the  i s o t r o p i c  s t a t e ,  G = q = w = 0 and 

d v / d t  --= - -  @(e, 0) v +(D (s, 0) ta, v ---- u . (2.10) 

T h e n  

at ---- (D (e, 0) u~, B ~  ---- B0 (e)8~p. (2.11) 

If the  c o m p o n e n t s  a r e  in  r e l a t i v e  m o t i o n ,  the  c o n d i -  
t i on  f o r  c o n s e r v a t i o n  of the  m e a n  f low r a t e  of the  f lu id  
g i v e s  

v---- v ,  ={- V I ~ ,  w = w, - -  -~-:(q - -  w) , (2.12> 

in  wh ich  0; 1 i s  u n i f o r m l y  d i s t r i b u t e d  wi th  r e s p e c t  to 
d i r e c t i o n  and Ivlt ~ Iwll << IvI .  

The  s t o c h a s t i c  e q u a t i o n  f o r  v l  and V i s  

dV 
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in @ ~ 
dvz 
- ~ =  r lq--wl)(~,--v 0 . (2.13) 

The r e s u l t  f o r  a a and Bc~/3 i s  

G~ 
a~ = - - - ~ - - c I ) ( e ,  I q - w l ) ( q ~ - - w = )  + 

+ r lq--wl)(~--w~),  

B~-=Bo(e)  6~+B(q~ , - -w~) (q~- -w~) .  (2.14) 

The dependence  of B on the p a r a m e t e r s  of the  s y s -  
t em m a y  be deduced  v ia  the  t h e o r y  of s t a t i o n a r y  r a n -  
dons p r o c e s s e s  [9]: 

B = r  ~176 (2.15) as ] 

in  which T i s  the  c h a r a c t e r i s t i c  t i m e  of the f luc tua -  
t ions  in  La, which p roduce  changes  in  p a r t i c l e  mo t ion  
unti l  the  v i s cous  f o r c e s  on each  p a r t i c l e  p r o d u c e  a 
s t e a d y - s t a t e  r e l a t i o n  be tween  ]q - wl and a + AS. 
Then 

T - -  D 
r  I q - - w l )  ' (2 .16)  

in which D is some constant. 

Substitution of (2.16) into (2.15) gives 

B = D r  l q - - w ] ) { @  ~ In *-~2 <(Ae)b. (2.17> 
os J 

We can a lways  a s s u m e  that  B0 << B. 

Equation (2.13) provides some general conclusions on the particle 
motion. IfZXs < 0 (aggregation), acceleration occurs in the direction 
of the relative velocity of the components. In a fluidized bed, this 
corresponds to rising motion of a closely linked group of particles, 
which is in generally good agreement with experiment [10]. 

Complete determination of B requires the explicit form of the 

dependence of A& on f ,  and this is dependent on theproperties of the 
solution to (2.7). 

w Analog  of the  H t h e o r e m  and s t a t i o n a r y  s t a t e s .  
C o n s i d e r  the  c a s e  of a s p a t i a l l y  homogeneous  s t a t e  of 
the s y s t e m  

(O//Ox~) = O, G = q = w = O. (3.1) 

The k ine t i c  equat ion fo r  f(u, t) i s  

3 

0-Y ~- C (f/z) + q) (e, 0) u~] + B0 (e) , (3.2) 

in  which C(ffl) i s  the  c o l l i s i o n  o p e r a t o r ;  e = cons t ,  in 
view of the spa t i a l  h o m o g e n e i t y  of the s t a te .  

of 
T h e o r e m .  The to ta l  d e r i v a t i v e  with r e s p e c t  to t ime  

O 
H (t) = ~ ] (u, t) In q~ (u, t) du, 

r (u, t) = l (u, t) exp ( - -  @u~ 

is not positive, i.e., (dH/dt) - 0. 

(3.3) 

l>roof.  We d i f f e r e n t i a t e  H with r e s p e c t  to t i m e  and 
i n t e g r a t e  by  p a r t s  with use  of (3.2) to get  

dt --  C ([I1) (lu cp + l) du - -  

3 (_ 
2Bo )i=z cp 

The f i r s t  t e r m  in (3.4) has  a f o r m  f a m i l i a r  f r o m  the 
k ine t i c  t h e o r y  of g a s e s  [111, with 

fC (jlx) (lnq~ -1- 1) du < 0 (3.5) 

and with equa l i t y  fo r  an a r b i t r a r y  func t ion  of the  f o r m  
A exp (-7u2),  in which A and y a r e  c o n s t a n t s .  We put  
g =@/z to t r a n s f o r m  the second  t e r m  in (3.4) to 

3 
I f (I)u~\ x-1 i / 0(p \ ~ .  

= - -  417o i exp ( - -  Cu~ , �9 2 B 0 / l V p l 2 d u ~  0 (3.6) 

with equa l i ty  if ~o = cons t .  The n o r m a l i z a t i o n  condi t ion  
shows that  (dH/dt) = 0 for  the funct ion 

I (I) \% [__ q)u~.  f0) - -  n/2--@-;0) exp ~ 2B0 ] (3.7) 

The f(0) of (3.7) has  the s a m e  f o r m  as  the Maxwel l -  
Jan d i s t r i b u t i o n  in the k ine t i c  t h e o r y  of g a s e s ,  the  
d i f f e r e n c e  be ing  that  the f a c t o r  to u 2 in the exponent ia l  
i s  no l o n g e r  a r b i t r a r y .  This  f e a t u r e  i s  e n t i r e l y  na-  
t u r a l  f r o m  the v iewpoin t  of the mode  of ac t ion  of each  
of the o p e r a t o r s  on the r igh t  in  (3.2). 

The collision operator tends to bring the kinetic energies of collid- 
ing particles to the mean value, since the difference between the 

kinetic energies is nearly always reduced by collision [12], although 
the initiai energy of the system is retained. 

The diffusion operator acts by matching the energy input to the 
level of dissipation; the latter is dependent on the kinetic energy, so 
the system takes up a certain mean kinetic energy. 

There are two stages in the approach to the equilibrium state: 
rapid equalization o f the kinetic energies and then slow evolution of 
the mean toward some definite value, In fact, (3.2) has the following 
solution: 

/ = n (2-~0)'/' exP ( -- -g6-) ' m u 2  

~ = -U  L2@em r m -~.t -i-- ~ -~ - ( i - e -2 r  (3.8) 

in which @ is the effective temperature of the pseudogas, 0o is the 
value at t = 0 and n is the number of particles in unit volume. 

~4. T r a n s p o r t  equa t ions  fo r  the p s e u d o g a s  and so lu -  
t ion  of the  k ine t i c  equat ion .  Equa t ion  (1.7) a l lows  us  to 
d e r i v e  the  t r a n s p o r t  equa t ions  in the s t a n d a r d  way.  We 
in t roduce  the fo l lowing m e a n s :  

(4.1) 
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The r e s u l t  is  
3 

,= --~-~- = o, 

3 
Ow t Owi 

3~ Opia : ,  + r 

+ -~-  [3Bo + B] - -  2q)O'. (4 .2)  

System (4.2) d i f fers  f rom the usua l  s y s t e m  of t r a n s -  
por t  equat ions  only in that the energy  equat ion con-  
ta ins  s o u r c e - t y p e  t e r m s ;  Q(~ and Pa i l  a r e  defined as 
usua l  in  the kinet ic  theory  of dense  gases  [11]. 

We rep lace  u by the new independent  v a r i a b l e  c = 
= u - w and wr i te  (3.9) in  the form 

3 
-N- 

L 
a,~=l 

3 3 

6~ 
~ = W + �9 (e, I q - -  w 1) (qa - -  wa), (4.3) 

where  the ope ra to r  is  

3 
D O 0 

D---t = ~ -  -~- ~ W ~ .  ( 4 . 4 )  

In accordance  with the Chapman-Enskog  method,  
we seek a solut ion to (4.3) in  the fo rm 

Z 
/ = 2J [ ( r ) .  (4.5) 

r=0 

We use  as zero th  app rox ima t ion  the Maxwel l ian d i s -  
t r i bu t ion  

(o) = n L 2---~-} exp  ~ - - - ~ ) ,  (4.6) 

in  which n(x , t ) ,  wa (x , t )  and 0(x,t) co inc ide  with the 
t rue  va lues  of these  quant i t ies  for  the pseudogas .  

We apply a fo rm of Enskog ' s  method [11] for  the 
k ine t ic  equat ion for a dense  gas to show that ,  if  we 
use the t enso r  

9wi mBii 

the equat ion for  f ( i )  will take the fo rm 

(4.7) 

x lC ( f~ + C (NO>la))] = 

3 

{ (  2 3 , /me'  5 ) ~  1 0 h i 0  = 1(o) t + T a~ nX) ( N  z c, ~ + 

B 

( t +  4 3 \ m + 

This takes  a fo rm f a m i l i a r  f rom the kinet ic  theory  
of gases .  

We can  the re fo re  t r a n s f e r  all  the s t anda rd  r e l a t i o n -  
ships in  the kinet ic  theory  of gases  to a pseudogas .  

~ .  Diffusion coeff ic ient .  The so lu t ion  to (1.7) found 
in  ~4 al lows us to find a c losed e x p r e s s i o n  for  the~dif- 

/ fusion t enso r  in veloci ty  space.  
By def in i t ion  

A s  = - -  r o a n ,  ( ( A ~ ) b  = vo ~ < ( A n ) b .  (5.1) 

The s ta t i s t i ca l  p r o p e r t i e s  of An {fluctuation in  n) 
a r e  comple te ly  d e t e r m i n e d  by those of the se t  of p a r -  
t i c les  fo rming  the pseudogas ,  which a re  known, be-  
cause  the solut ion to (1.6) is  known. 

The m e a n  r e l a t ive  f luc tuat ion  in  n in  any s ta te  is  

[131 

\ ~  ~ / / v2@/av , (5.2) 

in  which p is  p r e s s u r e .  It follows f rom ~4 that 

2 3 2 
p = ne ( t + --5- n~ nx)  - -  l.OO2~o~ ( + a<~n ) divw, 

5 [ me i'/, 
bt0 = t - - ~ - \ ~  / . (5.3) 

Subst i tu t ion of (5.3) into (5.2) gives 

<(Ae) ~) = v0"., ~- { I + %~"~x + % ~ + ~ x ' - -  

- -  1.002 ~00 -1 div w [% n2~6nx + 4/9~2~on~X'] } - i ,  (5.4) 

Consider  now the fo rm of x(n),  whose phys ica l  s ig -  

n i f icance  is  the fac tor  for  the change in  n u m b e r  of b i -  
n a r y c o l l i s i o n s  r e l a t i ve  to a s y s t e m  composed of point  
p a r t i c l e s .  F o r  sol id spher ica l  pa r t i c l e s  

- -  ll/l~nC~an I - -  ll/16Y,n I - -  1111ez 
X ( n) =  i _ % ~ , ~ n - =  i - v . n  = - - T n T '  (5.5) 

in  which v ,  is  the vo lume pe r  pa r t i c l e  in  the c loses t  
spat ia l  packing.  

Subst i tut ion of (5.5) into (5.4) gives 

((Ae)~> = (volv,) ~- z~ (1 - -  z)~ (1 -- z -- ~r/'s~z~ + 
+ ~ / ~  - V~ov,O-~ div ~ (~ -- ,o/~z~ + -ho~)) -~ (5.6) 

Then we have 

B ~  = Bo (e) 6 ~  + B (q~, - -  w::) (q~ - -  B.s) (5.7) 

B =  D( v~ ~2 (I){ i 01he ~ 
\ v , ,  Z ~ - j  x 

X z~( l - - z )  ~ ( t - - ~ - - ~ / ~ z ~ +  

A- nl]2 za - -  V2~v* O-x div w ( z --  491~z'Z + ]V~a za 0 -1. (5.8) 

In a nonequ i l ib r ium s ta te  with d ivw ~ 0, ((An)Z> 
can i n c r e a s e  without l i m i t  if 

z - -  ~ / = z :  + W~az ~ a" w 20 = ~tov, t - - ~ ~ z ~  ~ v  . . .  (5.9) 

This is  poss ib le  only if (dn/dt) < 0, e . g . ,  on marked  
i n c r e a s e  in  the speed of the fluid. 
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In the  general e a s e ,  B0(s ) i s  d e t e r m i n e d  by q u a n t i -  
t i e s  of  a h i g h e r  o r d e r  of  s m a l l n e s s  than  B,  and B 0 << 
<< B, so  we can  n e g l e c t  B0(e) when  qc~ - Wc~ d i f f e r s  
f r o m  z e r o .  

We can determine 0 for a steady state. From (3.8) and (3.11) we 
have 

taD t Vo)2{ I 01nq)~,. z 2 ( t - - z ) ~ [ q - - w ] 2  
O = - ' g - l ' ~ ' ,  "; as j i _ z _ ~ 7 / , ~ z ~ + W ~ 6 z s .  (5.1o) 

The constant D has to be determined by experiment. The figure shows 
the dependence of 0 on z. 

w176 Complete dynamic e q u a t i o n s .  The  results of 

, w167 and 5 give the following equations for the pseudogas 
if we substitute into (4.2) expressions for Qc~ and Pc~B 
in terms of the kinematic characteristics: 

00 
Q~ = % ~-~2' P~ = --PS~ + 2~e~--2~0S~ , (6.1) 

e ~  = ---if- \Ox~ d:- 0--~ ) - -  - 7  6 ~  div w,  (6.2) 

Be. 

(6.3) 

H e r e  • andG a r e  e x p r e s s e d  v i a  n, X, and 0 as  u s u a l  
[11] f o r  d e n s e  g a s e s .  

A m a j o r  d i s t i n c t i o n  of  the  t r a n s p o r t  e q u a t i o n s  f o r  a 

p s e u d o g a s  i s  tha t  t h e r e  i s  an a d d i t i o n a l  t e r m  in  the  e x -  
p r e s s i o n s  f o r  the  c o m p o n e n t s  of  the  s t r e s s  t e n s o r ,  
wh ich  a r i s e s  f r o m  the  l o n g - r a n g e  i n t e r a c t i o n s  b e t w e e n  

the  p a r t i c l e s  and wh ich  l e a d s  to a n i s o t r o p y  in  the p r o p -  

e r t i e s  of the  s y s t e m .  F o r  i n s t a n c e ,  the  s t r e s s  t e n s o r  
i s  not s p h e r i c a l  fo r  the  s t e a d y  s t a t e :  

2 ~ 3 n x )  4m~o B ]2 P l ~ = - - n 0 ( t + - g  - - -  3 " ~  q - - w ,  , 

P l l  - -  P~2 = PJ_t - -  l~ .~-- -  ~ B t q - -  w Iz. (6 .4)  

We must consider the dynamic conditions for the 
motion of the liquid in order to obtain a closed system 

of equations describing the behavior of the two-com- 

ponent system. 

As we are interested only in the mean character- 

istics of the liquid, we can use concepts concerning 

two-component continua, as has been done [14] for a 

low concentration of heavy particles in a turbulent 

flow. This approach has been used also for higher con- 

centrations [2 ,3] ,  and the  q u e s t i o n  of s u c h  m o d e l s  has  
b e e n  d i s c u s s e d  in d e t a i l  [15]. S i m i l a r  arg ,  a m e n t s  m a y  

be a p p l i e d  h e r e .  
Let  P0 be  the  d e n s i t y  of  the  l i qu id ,  w h o s e  p r e s s u r e  

i s  P and w h o s e  s t r e s s  t e n s o r  i s  Ti j .  T h e n  the  e q u a t i o n s  
of m o t i o n  t a k e  the  f o r m  

3 
Opos OpoSqi 

a~ ~ ~] ~ U  = ~  
i = 1  

3 
Oqi ~ Oqi 

poe-N- + ~ poeq~ 0-;-- = 

Ox~ + ~-] - ~ j  @ P~ " (6.5) 
j=l 

In fact, rij may be neglected for all cases of inter- 

est. The model is usable in the analysis of motion on 

a scale much larger than the mean distance between 

particles, so the viscosity of the liquid will make only 

a small contribution to the total tangential stress on an 

arbitrary area in the mixture. 
I am indebted to V. G. Levich for valuable discus- 

sions and for constant interest in the work. 
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